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TD n°0 – Warm up exercises

Exercise 1. Prove that |x| = max{x,−x}.

Exercise 2 (Maximum and minimum). Let x, y be real numbers. Prove that

max{x, y} =
x+ y + |x− y|

2
,

and find a similar formular for min{x, y}.

Exercise 3. Let ε > 0 and a, x ∈ R. Prove that |x− a| < ε ⇐⇒ a− ε < x < a+ ε.

Exercise 4 (Triangle inequality). Let x and y be real numbers.

(1). Prove that |x+ y| ≤ |x|+ |y|.

(2). Prove that |x− y| ≥ ||x| − |y||.

(3). Let a1, a2, . . . , an be real numbers. Prove that

|a1 + a2 + · · ·+ an| ≤ |a1|+ |a2|+ · · ·+ |an|.

Exercise 5 (Cauchy inequality).

(1). For all a, b ≥ 0, prove that a+ b ≥ 2
√
ab.

(2). (Generalized Cauchy inequality) Let a1, a2, . . . , an be positive real numbers.
Prove that

a1 + a2 + · · ·+ an
n

≥ n
√
a1a2 · · · an.

Exercise 6 (Cauchy–Schwarz inequality). Let n ∈ N and let a1, . . . , an and b1, . . . , bn
be real numbers. Prove that

(a1b1 + · · ·+ anbn)
2 ≤ (a21 + · · ·+ a2n)(b

2
1 + · · ·+ b2n).

Exercise 7 (Bernoulli inequality). Let n ∈ N. Prove that if a ≥ −1 then

(1 + a)n ≥ 1 + na.

Exercise 8. Let ε > 0 and x0, y0 ∈ R. Suppose that x, y satisfy

|x− x0| ≤ min

{
1,

ε

2(1 + |y0|)

}
and |y − y0| ≤

ε

2(1 + |x0|)
.

Prove that |xy − x0y0| ≤ ε.
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